Abstract-This paper highlights the concepts related to the fuzzy Sumudu transform (FST). Few important theorems are illustrated for uncovering the properties of FST. By utilizing the generalized FST, the fuzzy differential equations (FDEs) are resolved. The suggested technique is validated by laying down two real examples.
I. INTRODUCTION
Several physical and dynamical process can be modeled as a deterministic initial and boundary value problems. In practical the boundary values may not be crisp and they have some unknown parameters [30] . The qualitative behavior of solutions of the equations are associated with the errors. If the errors are random, then we have stochastic differential equation with the random boundary value. Also, if the errors are not probabilistic, the fuzzy numbers are replaced by random variables [20] , [30] . The fuzzy derivative and FDE have been studied in [9] , [12] . The Peano-like theorems for FDEs and system of FDE on R (Real line) is demonstrated in [21] . The fuzzy first-order initial value problem and fuzzy partial differential equation have been discussed in [21] . The simulation of fuzzy system is illustrated in [16] , [17] , [18] , [19] . The application of numerical method in order to solve FDEs has been mentioned in [15] . The properties associated to FDE is analyzed by using H-differentiability. The condition of Lipschitz along with the existence and uniqueness theorem related to FDEs have been mentioned in [2] , [13] , [28] . The fractional fuzzy Laplace transformation has been discussed in [2] .
An innovative methodology for solving FDEs is laid down on the basis of Sumudu transform. Sumudu transform with wide spread applications has been applied in the field of mathematics and control engineering. In recent advancement, Sumudu transform is popularized to resolve fractional local differential equations [3] , [8] , [11] , [14] , [26] . In [1] , Sumudu transform is proposed for solving fuzzy partial differential equations. Some fundamental theorems as well as properties for Sumudu transform are generalized in [7] . In [22] the variational iteration method is suggested by means of the Sumudu transform in order to resolve ordinary equations.
In this paper FST with fundamental property concepts are imparted. Using FST it is possible to reduce FDE into an algebraic problem which is termed as operation calculus. Also, by inverse process it is easy to find the solutions of the FDEs. By utilizing the FST, the problems which are linked to the no resorting of the frequency domain can be solved. Applying the mentioned methodology, fuzzy boundary value problem can be solved directly without determining a general solution. Furthermore, in non-homogeneous problems it can solve the requirements without determining the corresponding homogeneous equation.
The main contents of the paper are highlighted as follows: some preliminary definitions which are useful throughout this paper are demonstrated in section 2. Section 3 portrays the properties related to FST. Section 4 depicts the process require for solving FDEs by using the methodology of FST. Two real examples are solved and discussed in section 5. The conclusion is given in section 6.
II. PRELIMINARIES
Prior to the introduction of the FST, the initial phase is associated with the definitions related to the fuzzy calculations [6] , [25] .
Definition 2:
The fuzzy number z in association to the r-level is illustrated as
where
Definition 3: Let w, z ∈ R f and γ ∈ R, we lay down addition, subtraction, multiplication and scalar multiplication as follows
Definition 4: The Hausdroff distance between two fuzzy numbers w and z is illustrated as [24] , [29] 
is incorporated with the following possessions
is stated as complete metric space.
If φ(x) be a fuzzy value function and k(x) be a fuzzy Riemann
In reference to fuzzy or the case concerned to interval arithmetic, equation w = z ⊕ u is not equivalent with the phase u = w ⊖ z = w ⊕ (−1)z or to z = w ⊖ u = w ⊕ (−1)u and this is the major factor for introducing the following Hukuhara difference (H-difference).
Definition 6:
The definition of H-difference [4] , [5] , is suggested by
Remark 1:It is obvious that case (i) is H-derivative. It is justified that a function is (i)-differentiable only when it is H-derivative. Remark 2: According to [4] , the definition of differentiability is non contradictory [10] .
Let us consider φ : R → R f where φ(t) has a parametric form as [φ(t, r)] = [φ(t, r), φ(t, r)], for all 0 ≤ r ≤ 1, then [10] (i) Suppose φ is considered to be (i)-differentiable, hence φ(t, r) as well as φ(t, r) are differentiable functions, also
III. FUZZY SUMUDU TRANSFORM
Fuzzy initial and boundary value constraints can be solved by using fuzzy Laplace transform [2] . Here, we explain the FST method and also the attributes of this method is presented. The FST reduces the FDE to an algebraic equation. A very important property of the FST is that it can solve the equation without resorting to a new frequency domain. The procedure of switching FDEs to an algebraic equation is cited in [2] and is stated as an operational calculus.
Definition 8: Assume φ(t) is considered to be a continuous fuzzy value function. Let us assume that φ(wt) ⊙ e −t is taken to be an improper fuzzy Riemann integrable on
and
So we get
Theorem 2: Consider φ ′ (t) as a fuzzy value integrable function, also φ(t) is considered to be the primitive of φ
where φ is (i)-differentiable, or
where φ is (ii)-differentiable.
Proof. For arbitrary fixed r ∈ [0, 1] we obtain
As a result, we conclude
We suppose that φ is (ii)-differentiable. For arbitrary fixed α ∈ [0, 1] we have
The above equation is equivalent to the following relation
Therefore we obtain
Taking into consideration that φ is (ii)-differentiable, hence
Theorem 3: Since Sumudu transform is a linear transformation, then if we suppose that both φ(t) as well as k(t) be continuous fuzzy valued functions, also c 1 and c 2 be constant, it can be obtained
Proof. We have
Hence, we obtain 
Proof. Fuzzy Sumudu transform λ ⊙ φ(t) is denoted as
also we have
Lemma 2: Consider φ(t) to be a continuous fuzzy value function, also k(t) ≥ 0. In addition if we assume that (φ(t) ⊙ k(t)) ⊙ e −t is improper fuzzy Reiman integrable on
[0, ∞), so ∫ ∞ 0 (φ(wt) ⊙ k(wt)) ⊙ e −t dt = ( ∫ ∞ 0 k(wt)φ(wt, r)e −t dt, ∫ ∞ 0 k(wt)φ(wt, r)e −t dt)
IV. SOLUTION PROCEDURE OF THE FUZZY INITIAL VALUE

PROBLEM
We incorporate the mentioned fuzzy initial value constraint
where φ(t, ψ(t)) is taken to be a fuzzy function. It is quite obvious that the fuzzy function φ(t, ψ(t)) is the mapping of φ : R × R f → R f . By applying FST technique, we extract
The solving of Eq. (22) is on the basis of the following cases.
Case 1: Let ψ ′ (t) be (i)-differentiable. According to Theorem 3 we have
Eq. (24) can be portrayed as follows (25) where
ψ(t), r) = min{φ(t, w)|w ∈ (ψ(t, r), ψ(t, r))} φ(t, ψ(t), r) = max{φ(t, w)|w ∈ (ψ(t, r), ψ(t, r))}
Now Eq. (26) 
Eq. (32) can be portrayed as follows
(34) Now Eq. (34) can be solved based on the following assumptions
where K 1 (w, r) as well as K 2 (w, r) are considered to be the extracted solutions associated to the Eq. (34). By utilizing inverse Sumudu transform, ψ(t, r) as well as ψ(t, r) are calculated as follows
V. EXAMPLES
The following examples have been used to narrate the methodology proposed in this paper.
Example 1 A tank with a heating system is shown in Figure 1 , where R = 0.5 and the thermal capacitance is considered to be C = 2. The temperature is ψ. The model is [2] , [23] ,
By incorporating the FST technique, we get
where 0 ≤ w < M . If ψ(t) is (i)-differentiable and case 1 holds, we extract 
According to Eq. (25), we will have the relation mentioned below
Hence, the solution of Eq. (44) is as follows
Thus, by utilizing the inverse Sumudu transform we extract
Now if ψ(t) be (ii)-differentiable and case 2 holds, it follows
Therefore
By the above relations, Eq. (39) can be written as follows
Hence, solution of Eq. (50) can be portrayed as
If we use inverse Sumudu transform, then
If the initial condition be a symmetric triangular fuzzy number as ψ(0) = (−a 1 (1 − r), a 1 (1 − r) ), then the following cases will be hold
Case 2:
Corresponding solution plots are displayed in Figure 2 and Figure 3 . Example 2 A tank system is shown in Figure 4 . Assume I = t + 1 to be inflow disturbances of the tank, which generates vibration in liquid level ψ, where R = 1 is the flow obstruction that can be curbed using the valve. A = 1 is the cross section of the tank. The liquid level can be described as [27] ,
By the application of FST technique we get The following is extracted taking into consideration case 2
According to Eq. (25), we will have the relation mentioned below 
where { ψ(t, r) = e −t ψ(0, r) + t ψ(t, r) = e −t ψ(0, r) + t
If the initial condition be a symmetric triangular fuzzy number as ψ(0) = (−a 1 (1 − r), a 1 (1 − r)), then { ψ(t, r) = e −t (−a 1 (1 − r)) + t ψ(t, r) = e −t (a 1 (1 − r)) + t
Corresponding solution plot is displayed in Figure 5 . In this paper the utilization of FST is resulted in the solution of the first order FDEs in such a manner that, it is clarified by using the notion of strongly generalized differentiability. By implementing the methodology of FST, the FDE reduces to an algebraic problem. Some theorems are given to illustrate the properties of the FST. The novel method is validated by two real examples. This work has a significant contribution in initializing a superior starting point for such extensions. Future work is to study the application of this method in solving FDEs where the uncertainties are in the sense of Z-numbers.
